Abstract. In [3] , Oka and the second author considered the cohomology of the second Morava stabilizer algebra to study nontriviality of the products of beta elements of the stable homotopy groups of spheres. In this paper, we use the cohomology of the third Morava stabilizer algebra to find nontrivial products of Greek letters of the stable homotopy groups of spheres: α 1 γt, β 2 γt, α 1 , α 1 , β p p/p γtβ 1 and β 1 , p, γt for t with p -t(t 2 − 1) for a prime number p > 5.
Introduction
Greek letter elements are well known generators of the stable homotopy groups of spheres localized at a prime p. Studying products among these elements is an interesting subject, and studied by several authors. For example, at an odd prime p, all products of alpha elements are trivial. In [3] , we used H * S (2) to study nontriviality of the product of beta elements. In this paper, we use H * S(3) to find relations of Greek letters. The multiplicative structure of H * S(3) is given by Yamaguchi [7] , but unfortunately, it has some typos. So here, our computation is based on Ravenel's.
Let β p/p be the generator of the E 2 -term E 2,p 2 q 2 (S) of the Adams-Novikov spectral sequence converging to the homotopy groups π * (S) of the sphere spectrum S. Hereafter, q = 2p − 2 as usual. A relation given by Toda implies that β p/p dies in the Adams-Novikov spectral sequence at a prime p > 2. At the prime two, β Note that β 1 , p, γ t = γ t , p, β 1 . We also notice that if t = 1, then γ 1 , p, β 1 = 0, while β 2 γ 1 is non-trivial (see section five).
From here on, we assume that the prime number p is greater than three.
H * S(3) revisited
We begin with recalling some notation from Ravenel's green book [4] . Let BP denote the Brown-Peterson spectrum. Then, the pair
is a Hopf algebroid. Here, the degrees of v i and t i are 2p i − 2. The structure maps act as follows:
) .
if i = 3, and = 0 otherwise, and
is the Hopf algebra with structure inherited from BP * (BP ). Define the Hopf alge-
Then, there is a unique increasing filtration of the Hopf algebroid S(3) with deg t 
Let L(3) be the Lie algebra without restriction with basis x i,j for i > 0 and j ∈ Z/3 and bracket given by 
From now on, we abbreviate h i,j to h ij , and h 1j to h j . Under the above filtration, Ravenel constructed the May spectral sequences 
Since these spectral sequences collapse, H * S(3) is additively isomorphic to H * L (3, 3) . Therefore, we have a projection
Note that the Massey product 
Proof. In the table of the proof of [4, 6.3 .34], we find the elements (A, n) ). Here, s(A) = a n /a n−1 , a n−2 , · · · , a 0
k−1 , and δ A,k+1 is the connecting homomorphism associated to the short exact sequence
In particular, we write α = η (1) , β = η (2) and γ = η (3) . So far, only when n ≤ 3, many conditions for that Greek letter elements survives to homotopy elements are known. We abbreviate η
an if A = (1, . . . , 1, a n ) as usual. For example, we consider β-elements defined by (3.2)
(V (0)), and
Hereafter we assume that the prime p is greater than three. We have the SmithToda spectrum V (k) for k = 0, 1, 2 defined by the cofiber sequences
Here, α ∈ [V (0), V (0)] q is the Adams map and β ∈ [V (1), V (1)] (p+1)q is the v 2 -periodic element due to L. Smith. Note that the BP * -homology of these spectra are BP * (V (k)) = BP * /I k+1 for the ideal I k of BP * generated by v i for 0 ≤ i < k with v 0 = p. We consider the Bousfield-Ravenel localization functor L 3 with respect to v −1
, whose structure is given in [4] (see also [7] ), and we consider the composite
Here the first map is induced from the inclusion ι : S → V (2) to the bottom cell, the second is from the localization map, the third is obtained by setting v 3 = 1 and the last is the projection (2.6).
Lemma 3.4. The map r assigns the Greek letter elements as follows:
We also have
Proof. First we consider the images of the Greek letter elements under the map + w] = γ t and rδ (1,1,1),1 (γ t ) = t(t − 1)(t − 2)h 30 k 1 + t(t − 1)rδ (1,1,1 
